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INTRODUCTION
In any group of six people there are always either three who know each other or
three mutual strangers. This same statement in the language of graph theory is that
if each edge of a complete graph K6 is colored either Red or Blue, then there is either
a Red triangle (K3 ) or a Blue triangle (K3 ). Moreover, this conclusion is not true for
K5 , so six is a minimum such number. This is a special case of a much more general
observation of F. P. Ramsey [Ra30]. He observed that for all positive integers m and n,
there is an integer r such that if each edge of a Kr is colored either Red or Blue, then
there will be either a Red Km or a Blue Kn . The smallest such integer r is denoted by
r(m, n), and is called the (m, n)-Ramsey number. Ramsey graph theory is the study of
such numbers and the corresponding graphs. More generally, the number of colors is
not restricted to just two, the monochromatic graphs are arbitrary — not just complete
graphs, and the graph being edge-colored is not restricted to being complete.

8.3.1

Ramsey’s Theorem

Ramsey’s original theorem applies to general set theory and has implications to
many areas of mathematics other than combinatorics and graph theory. For combinatorial results related to Ramsey’s theorem, see [GaRoSp90], [Pa78], [Ne96], and survey
articles [Bu74], [Bu79], [ChGr83], [GrRo87], and [Ra02]. A simplified version of Ramsey’s theorem applicable to finite graphs is our starting point.
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FACT
F1: (Ramsey’s Theorem [Ra30]) Given positive integers k, n1 , n2 , · · · , nk ≥ 2, there
is a least positive integer r(n1 , n2 , · · · , nk ) such that, for any partition C1 , C2 , · · · Ck of
the edges of a complete graph Kp with p ≥ r(n1 , n2 , · · · , nk ), there is for some i a
complete subgraph Kni all of whose edges are in Ci .
DEFINITIONS
D1: The number r(n1 , n2 , · · · , nk ) is called the Ramsey number for the k-tuple
(n1 , n2 , · · · , nk ).
D2: The partition of the edges of a complete graph Kp into k sets is described as a
coloring of the edges of Kp with k colors, or more specifically a k-edge-coloring of Kp .

Ramsey Numbers for Arbitrary Graphs
Ramsey’s theorem implies the existence of a “monochromatic” complete subgraph in the
appropriate color in any edge-coloring of a sufficiently large complete graph. Since any
graph G on m vertices is isomorphic to a subgraph of Km , an immediate consequence
of Ramsey’s theorem is the existence of the Ramsey numbers for arbitrary graphs.
DEFINITIONS
D3: The (generalized) Ramsey number r(G1 , G2 , · · · , Gk ) for any collection of k
graphs {G1 , G2 , · · · , Gn } is the least positive integer n such that for any k-edge-coloring
of Kn , there is for some i a monochromatic copy of Gi in color i.
D4: Given k ≥ 2 and graphs G1 , G2 , · · · , Gk , a graph F is said to arrow the k-tuple
(G1 , G2 , · · · , Gk ) if for any k-edge-coloring of F there is for some i a monochromatic
copy of Gi in the ith color. This is denoted by F −→ (G1 , G2 , · · · , Gn ). Thus, the
Ramsey number r(G1 , G2 , · · · , Gk ) is the smallest order of a graph F such that F −→
(G1 , G2 , · · · , Gn ).
D5: The size Ramsey number r̂(G1 , G2 , · · · , Gk ) is the smallest size (i.e., number
of edges) of a graph F such that F −→ (G1 , G2 , · · · , Gn ).
D6: A graph F is (G1 , G2 , · · · , Gk )-minimal if F −→ (G1 , G2 , · · · , Gn ), but no proper
subgraph of F also arrows.
REMARKS
R1: If for each i, Gi = Kni , then r(n1 , n2 , · · · , nk ) = r(Kn1 , Kn2 , · · · , Knk ).
R2: Classical Ramsey graph theory deals with the case when each of the required
monochromatic graphs is complete, while generalized Ramsey graph theory involves the
generalization to arbitrary graphs.
R3: This leads to asking questions about the structure of and the number of “different”
graphs that arrow. Ramsey minimal graphs are considered in 8.3.6.
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Fundamental Results

The vast majority of Ramsey graph results concern 2-colorings, so these are featured.
Several useful facts are immediate consequences of the definition.
FACTS
F2: For any pair of graphs G1 and G2 , r(G1 , G2 ) = r(G2 , G1 ). More generally, the
order of the graphs is not important for any number of graphs.
F3: For any graphs Gm and Gn of orders m and n, respectively, r(Gm , Gn ) ≤ r(m, n).
F4: For n ≥ 2, r(2, n) = r(n, 2) = n.
F5: Erdős and Szekeres [ErSz35] For m, n ≥ 3,
r(m, n) ≤ r(m − 1, n) + r(m, n − 1)
with strict inequality if both r(m − 1, n) and r(m, n − 1) are even. A consequence of
this is


m+n
r(m + 1, n + 1) ≤
.
m
REMARKS
R4: The Erdős–Szekeres theorem gives a finite upper bound for the Ramsey numbers
of all pairs of finite graphs. There are corresponding bounds for any finite number of
colors and collections of finite graphs.
R5: To prove that the Ramsey number r(G, H) = p, normally two steps are taken. A
proof is given to show that any 2-edge-coloring of Kp , say a Red-Blue coloring, yields
either a Red G or a Blue H, and then a Red-Blue coloring of a Kp−1 is exhibited that
has neither a Red G nor a Blue H.
R6: In the case of a 2-edge-coloring, say with Red and Blue, it is sometimes more
convenient to just denote a subgraph F , which represents the subgraph induced by the
Red edges. Then, the complement F of F denotes the Blue subgraph.
EXAMPLE
E1: To show that r(3, 3) = 6, observe that in Figure 8.3.1 there is a Red-Blue coloring
of K5 with no K3 in either color, and observe by the result of Erdős and Szekeres
r(3, 3) ≤ r(2, 3) + r(3, 2) = 3 + 3 = 6.

8.3.3

Classical Ramsey Numbers

Determining classical Ramsey numbers is quite difficult, and the number of nontrivial classical Ramsey numbers that are known precisely is very limited. Only one
nontrivial multicolor (at least three colors) classical Ramsey number is known and only
nine nontrivial two color Ramsey numbers r(m, n) are known, which is strong evidence
of the difficulty in determining Ramsey numbers.

i

i
i

i

i

i
“chapter8” — 2013/11/4 — 14:29 — page 1005 — #55

i

Section 8.3. Ramsey Graph Theory

i

1005

Figure 8.3.1: r(K3 , K3 ) > 5.

Ramsey Numbers for Small Graphs
Figure 8.3.2 contains the known classical Ramsey numbers r(k, l) along with the best
upper and lower bounds for small values of m and n. The argument k ranges from 3
through 10 and runs along the main diagonal, and the argument l runs along the top
row. The exact Ramsey values are centered, upper bounds are the top entries, and
lower bounds are the bottom entries. For instance, r(3, 8) = 28, and r(4, 8) is between
56 and 84. The references for each of the exact values are also listed in the table along
with references for some of the upper and lower bounds, where the leftmost column is
used to indicate the argument l for the particular Ramsey number. For instance, it
was established in [Ke64] that r(3, 6) = 18. A listing of Ramsey numbers much more
complete than Figure 8.3.2 can be found in an excellent dynamic electronic paper by
Radzisowski [Ra02], which is updated periodically.
FACT
F6: Greenwood and Gleason [GrGl55] r(3, 3, 3) = 17.
REMARK
R7: The earlier work determining classical Ramsey numbers was done by Greenwood
and Gleason [GrGl55], Kéry [Ke64], and by Graver and Yackel [GrYa68]. Lower bounds
were established with explicit but sophisticated colorings using algebraic techniques,
and upper bounds were established using graph theory techniques. More recently Exoo,
McKay, and Radzisowski, among other mathematicians, have used computational techniques, powerful algorithms, and more computing power to sharpen upper and lower
bounds for larger Ramsey numbers. Numerous improvements have been made in the
past few years. However, the gaps between upper and lower bounds are still enormous
for even many small values of m and n.

Asymptotic Results
Considerable study of the asymptotic behavior of the Ramsey number r(m, n) has not
yielded sharp asymptotic results. There have been numerous improvements in the upper
bound of Erdős and Szekeres (Fact F5). The lower bounds for r(m, n), or in particular
for r(n, n), are far from the upper bounds. The only case in which sharp asymptotic
results have been obtained is m = 3. Shearer [Sh83] proved an upper bound for r(3, n),
and Kim [Ki95] verified an asymptotically sharp lower bound.
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Figure 8.3.2: The classical Ramsey numbers r(k, l).
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FACTS
F7: [Th88] For all 1 ≤ m ≤ n, there is an absolute constant c such that


√
(−m log n)/2n+c log m m + n
r(m + 1, n + 1) ≤ e
m
and in particular
r(n + 1, n + 1) ≤ n

√
−1/2+c log n




2n
.
2

F8: For some constant c0 and for all positive n,
r(n, n) ≥ c0 n2n/2 .
F9: ([Sh83], [Ki95]) There are absolute constants c and c0 such that
cn2 / log n ≤ r(3, n) ≤ c0 n2 / log n.
Probabilistic techniques are used to prove the existence of colorings, but specific colorings are not exhibited.

8.3.4

Generalized Ramsey Numbers

There has been more activity and considerably more results in generalized Ramsey
theory than in any other area of Ramsey graph theory. It would be impossible to survey
even a fraction of the results, so we will review just a few of the highlights.

Initial Generalized Ramsey Results
FACTS
F10: [GeGy67] For positive integers 2 ≤ m ≤ n,
r(Pm , Pn ) = n + bm/2c − 1.
The lower bound for r(Pm , Pn ) comes from the coloring determined by the graph F =
Kn−1 ∪ Kbm/2c−1 . The graph F contains no connected graph with n vertices and so no
Pn , and the complement F is a bipartite graph with no Pm .
F11: [BuRo73] Let n1 , n2 , · · · nk be positive integers with s of them being even and
k ≥ 2. Then
k
X
r(K1,n1 , K1,n2 , · · · , K1,nk ) =
(ni − 1) + α,
i=1

where α = 1 if s is positive and even and α = 2 otherwise. For k = 2,
r(K1,m , K1,n ) = m + n − ,
where  = 1 if m and n are both even and 0 otherwise.
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REMARK
R8: There are regular graphs of any order p and degree k < p except when k and p are
odd, and, in this case, nearly regular graphs exist. The lower bounds for the Ramsey
numbers in Fact F11 depend on colorings derived directly from regular or nearly regular
graphs.

Ramsey Numbers for Trees
There are many classes of pairs of trees for which the Ramsey number r(Tm , Tn ) is not
known. However, for all such numbers that are known, r(Tm , Tn ) ≤ m + n − 2.
FACT
F12: [BuRo73] When at least one of m or n is even and Tm and Tn are stars (Tm =
K1,m−1 and Tn = K1,n−1 ),
r(Tm , Tn ) = m + n − 2.
CONJECTURES
C1: Tree Conjecture [BuEr76] For any trees Tm and Tn with m, n ≥ 2,
r(Tm , Tn ) ≤ m + n − 2.
C2: Erdős–Sós Conjecture Any graph G with n vertices and at least n(k − 2)/2 + 1
edges contains any tree Tk (k ≥ 2) as a subgraph.
REMARKS
R9: The Erdős–Sós conjecture implies the Tree Conjecture.
R10: Personal communication has indicated that M. Ajtai, J. Komolós, M. Simonovits,
and E. Szemerédi [AKSS] have proved that the Erdős–Sós conjecture is true for n
sufficiently large. The paper has not been published.

Cycle Ramsey Numbers
The Ramsey numbers of cycle graphs appear to have some of the same characteristics
as the Ramsey numbers of trees.
FACTS
F13: ([Ro73a], [Ro73b], [FaSc74]) If 3 ≤ m ≤ n

 2n − 1
n+ m
r(Cm , Cn ) =
2 −1

max{n + 2s − 1, 2m − 1}

with (m, n) 6= (3, 3), (4, 4), then
when m is odd,
when m and n are even, and
when m is even and n is odd.
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For 3-edge-colorings the examples for cycle Ramsey numbers have similar properties,
but determination of the numbers is much more difficult.
F14: [RoYa92] r(C5 , C5 , C5 ) = 17.
F15: [FaScSc] r(C7 , C7 , C7 ) = 25
F16: [Lu99] For all n ≥ 4, r(Cn , Cn , Cn ) ≤ (4 + o(1))n.
CONJECTURE
C3: Bondy and Erdős Conjecture [BoEr73] For n ≥ 5 and odd,
r(Cn , Cn , Cn ) = 4n − 3.
EXAMPLE
E2: For n ≥ 3 and odd, consider the 3-edge-coloring, say with Red, Blue, and Green, of
a K4(n−1) . The Red subgraph is 4Kn−1 , the Blue subgraph is isomorphic to 2Kn−1,n−1
and contains all of the edges between the first two and the last two of the complete
graphs in Red, and the remaining edges are Green and form a K2(n−1),2(n−1) . For n
odd there is no Red Cn , since no component of the Red subgraph has n vertices, and
there is no Blue or Green Cn since these graphs are bipartite and have no odd cycles.
Thus, r(Cn , Cn , Cn ) > 4n − 4 for n odd.
F17: [KoSiSk05] For n odd and sufficiently large, r(Cn , Cn , Cn ) = 4n − 3.
F18: [BeSk09] For n even and sufficiently large r(Cn , Cn , Cn ) = 2n.

Good Results
Results of [BoEr73] and [Ch77] on complete graphs and trees (see Facts F20 and F21)
motivated new lines of investigation into generalized Ramsey numbers.
DEFINITIONS
D7: [Bu81] If χ(G) is the chromatic number of G, then the chromatic surplus of G
is the largest number s = s(G) such that in every vertex coloring of G with χ(G) colors,
every color class has at least s vertices.
D8: [Bu81] A connected graph H of order n ≥ s(G) is called a G-good graph if
r(G, H) = (χ(G) − 1)(n − 1) + s(G).
EXAMPLES
E3: Consider a Red-Blue coloring of a K(m−1)(n−1) in which the Blue graph is m − 1
vertex disjoint copies of a complete graph Kn−1 ((m − 1)Kn−1 ) and the Red graph is
the complementary graph, Kn1 ,n2 ,··· ,nm−1 , where n1 = n2 = · · · nm−1 = n − 1. There is
no Blue Tn , and in fact no Blue connected graph with n vertices, and there is no Red
Km .
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E4: The 2-edge-coloring of Example E3 gives the lower bound for r(Km , Tn ) and also
for r(Km , Cn ). Moreover, there is no graph with chromatic number m in the Red graph.
This coloring implies that if the chromatic number χ(G) = m and H is any connected
graph of order n, then r(G, H) > (m − 1)(n − 1).
E5: For p = (χ(G) − 1)(n − 1) + s(G) − 1, consider the Red-Blue edge-coloring of Kp in
which the Blue graph consists of χ(G) − 1 disjoint complete graphs of order n − 1 and
one complete graph of order s(G) − 1, and the Red graph is the complementary graph.
There is no Blue G and there is no connected graph of order n in Red for n ≥ s(G).
FACTS
F19: [Bu81] If H is any connected graph of order n ≥ s(G), then
r(G, H) ≥ (χ(G) − 1)(n − 1) + s(G).
F20: (Bondy and Erdős [BoEr73]) If m ≥ 3 and n ≥ m2 − 2, then
r(Km , Cn ) = (m − 1)(n − 1) + 1.
It was conjectured in [EFRS78b] that Fact F20 is true for n ≥ m except for n = m = 3,
and also verified for m = 3. It has now been verified for m = 3, 4, 5, 6, (see [ChS71],
[YHZ99], [BJYHRZ00], and [Sc03], respectively), and in addition proved in [Ni03] for
m ≥ 3 and n ≥ 4m + 2.
F21: (Chvátal [Ch77]) For integers m, n ≥ 1,
r(Km , Tn ) = (m − 1)(n − 1) + 1.
This theorem, which can be stated as any tree Tn is Km -good, has been generalized
in many ways. The two main approaches have been to replace Km by a graph with
chromatic number m or to replace the tree Tn by a connected sparse graph.
F22: [BuFa93] A graph G satisfies r(G, Tn ) = (m − 1)(n − 1) + 1 for all trees Tn of
sufficiently large order n, if and only if s(G) = 1, and there is a χ(G)-vertex coloring of
G such that the graph induced by two of the color classes is a subgraph of a matching.
F23: Let G be an arbitrary graph and H a connected graph of order n. Then there
are positive constants c, c1 , c2 , and α such that H is G-good if n is sufficiently large and
(i)
(ii)
(iii)
(iv)
(v)
(vi)

[BEFRS80a]
[BEFRS80a]
[EFRS85]
[BEFRS82b]
[BuEr83]
[FaRoSh91]

G = K3 , n ≥ 4, and |E(H)| ≤ (17n + 1)/15, or
G = Km , m ≥ 4, |E(H)| ≤ n + cn2/(m−1) , or
|E(H)| ≤ n + c1 nα , and ∆(H) ≤ c2 nα , or
G = C2m+1 and |E(H)| ≤ (1 + c3 )n, or
G = K3 and H = K1 + Cn (wheel), or
G = C2m+1 and H = K2 + K n−2 .

REMARK
R11: A comprehensive summary of “good” results can be found in [FaRoSc92].

i

i
i

i

i

i
“chapter8” — 2013/11/4 — 14:29 — page 1011 — #61

i

Section 8.3. Ramsey Graph Theory

i

1011

Small Order Graphs
Most of the generalized Ramsey numbers for very small order graphs were determined
in papers by Chvátal and Harary [ChHa72], Clancy [Cl77], and Hendry [He89a]. Figure
8.3.3 pictures all of the graphs with at most five vertices that have no isolated vertices.
The graphs are described using standard graphical operations such as +, −, and ∪ along
with •, where G • H is a graph (not unique) obtained from G and H by identifying one
vertex from each graph.

Figure 8.3.3: Graphs of order ≤ 5 without isolates.
REMARKS
R12: Figures 8.3.4 and 8.3.5 give the diagonal Ramsey numbers or the sharpest known
bounds for the Ramsey numbers for all graphs of order at most five without isolated
vertices. Additional information on these exact numbers and the bounds can be found
in [Ra02].
R13: The Ramsey numbers for several other classes of small order graphs have been
determined, and there is an excellent survey of this type of result in [Ra02].
R14: Ramsey numbers for the pair (K3 , G) where G is an arbitrary graph of order p
have been determined for p ≤ 6 in [FaRoSc80], for p = 7 or 8 in [Br98], and for p = 9
in [BrBrHa98].
R15: The diagonal Ramsey numbers r(G, G) for all graphs with at most seven edges
and without isolated vertices can be found in [He87].
R16: Ramsey numbers for almost all pairs (G, T ) where G is a connected graph of
order at most 5 and T is an arbitrary tree were calculated in [FaRoSc88].
REMARKS
R17: Figures 8.3.4 and 8.3.5 (Part 1 and Part 2), which can be found in [FaSh83a], gives
the generalized Ramsey numbers for all pairs of graphs without isolated vertices and
with five or less vertices. The references for the numbers in these figures appear below
the diagonal, where [CH] represents [ChHa72], [C] represents [Cl77], and [H] represents
[He89a], and for the single entries [h] represents [He89b], [b] represents [BoHa81], [e]
represents [ExHaMe88], [y] represents [YuHe95], and [m] represents [McRa95].
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Figure 8.3.4: Generalized Ramsey numbers for small graphs - Part 1.
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Figure 8.3.5: Generalized Ramsey numbers for small graphs - Part 2.
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Linear Bounds
By using Szemerédi’s regularity lemma, [CRST83] verified the following conjecture of
Erdős. Chen and Schelp [ChSc93] subsequently extended the class of “linearly bounded”
graphs to a larger class of c-arrangeable graphs, and this extension has some nice applications.
CONJECTURE
C4: Erdős Conjecture [BuEr75] If G is a graph of order n with maximal degree ∆,
then r(G, G) has an upper bound that is linear in n.

DEFINITION
D9: A graph G is c-arrangeable if the vertices of G can be ordered in such a way
that for any vertex v, each adjacency of v that succeeds v in the order has at most c
adjacencies that precede v in the order.

FACTS
F24: [CRST83] if G is a graph of order n with maximal degree ∆, then r(G, G) ≤ c·∆·n
for some positive constant c. (This verifies the Erdős Conjecture.)
F25: [ChSc93] If G is a c-arrangeable graph of order n, then there is an upper bound
for r(G, G) that is linear in n.
F26: [ChSc93] (Corollary) If G is a planar graph, then r(G, G) has an upper bound
that is linear in the order of G.
F27: [RoTh96] If G is a graph of bounded genus, then r(G, G) has an upper bound
that is linear in the order of G.

CONJECTURE
C5: Bounded Density Conjecture [BuEr75] If the average degree of each subgraph
of a graph G of order n is at most c0 , then there is a constant c = c(c0 ) such that
r(G, G) ≤ cn.

8.3.5

Size Ramsey Numbers

Increased interest in the size Ramsey number r̂(G, H) was created in a paper by
Erdős et al. [EFRS78a].
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General Bounds
FACTS
F28: |E(G)| + |E(H)| − 1 ≤ r̂(G, H) ≤

r(G,H)
2


.

F29: [EFRS78a] For m, n ≥ 1,

(i)
r̂(Km , Kn ) = r(m,n)
, and
2
(ii) r̂(K1,m , K1,n ) = m + n − 1.
REMARKS
R18: Any graph F such that F −→ (G, H) must have at least |E(G)| + |E(H)| − 1

edges, and the fact that Kr(G,H) −→ (G, H) implies that r̂(G, H) ≤ r(G,H)
.
2
R19: It is natural to investigate the relationship that r̂(G, H) has with both
and |E(G)| + |E(H)| − 1. Both extreme possibilities occur.

r(G,H)
2



Linear Bounds
The size Ramsey r̂(K1,m , K1,n ) is linear in m and n, while the number of edges in the
complete Ramsey graph for the pair (K1,m , K1,n ) is quadratic in m and n. Beck ([Be83],
[Be90]) answered some of the questions posed in [EFRS78a] by showing that there were
large classes of graphs for which the size Ramsey number has a linear property or near
linear property.
FACTS
F30:
n and
(i)
(ii)
(iii)

[Be83], [Be90] There exist constants c and c0 such that for any tree Tn of order
maximum degree ∆ and for n sufficiently large,
r̂(Pn , Pn ) ≤ cn,
r̂(Cn , Cn ) ≤ c0 n, and
r̂(Tn , Tn ) ≤ ∆ṅ(˙ log n)12 .

F31: [HxKo95] For any tree Tn with maximum degree ∆, there is a constant c such
that r̂(Tn , Tn ) ≤ c · ∆ · n.
REMARK
R20: The previous result was conjectured in [Be90], along with a stronger conjecture
dealing with the bipartite structure of the tree Tn . The previous results led Beck and
Erdős to make the following conjecture.
CONJECTURE
C6: Beck Conjecture [Be90] For a graph G of order n and bounded degree ∆, there
is a constant c = c(∆) such that r̂(G, G) ≤ cn.
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Bipartite Graphs
For the complete bipartite graph Kn,n , upper bounds were proved by Erdős et al.
[EFRS78a] and by Nešetřil and Rödl [NeRö78], and lower bounds were proved by Erdős
and Rousseau [ErRo93], but none are asymptotically sharp.
DEFINITION
D10: A star forest with s components each being a star with n edges will be denoted
by sK1,n .
FACTS
F32: [EFRS78a], [NeRö78], [ErRo93] For n ≥ 6,
(1/60)n2 2n < r̂(Kn,n , Kn,n ) < (3/2)n3 2n .
F33: [BEFRS78] For positive integers m, n, s and t,
r̂(sK1,m , tK1,n ) = (m + n − 1)(s + t − 1).
REMARKS
R21: Only a limited number of precise values of size Ramsey numbers are known,
since they are much more difficult to calculate than generalized Ramsey numbers. Star
forests with all components equal is one class of graphs for which many numbers are
known.
R22: The precise value of the size Ramsey numbers for general families of star forests is
still open, but results in special cases support the following conjecture from [BEFRS78].
CONJECTURE
C7: Star Forest Conjecture [BEFRS78] Let s and t be positive integers with m1 ≥
m2 · · · ms ≥ 1 and n1 ≥ n2 ≥ · · · nt ≥ 1, and let F1 = ∪si=1 K1,mi and F2 = ∪tj=1 K1,nj .
Then,
s+t
X
r̂(F1 , F2 ) =
pk
k=2

where pk = max{mi + nj − 1 : i + j = k}.

Small Order Graphs
Exact size Ramsey numbers are known for some small graphs, but even for small graphs
it is sometimes difficult to calculate the number. An easier number to calculate is the
restricted size Ramsey number, which is determined by restricting the “arrowing” graphs
to those whose order is the Ramsey number.
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DEFINITION
D11: For graphs G and H, the restricted size Ramsey number r∗ (G, H) is the
minimum size graph F of order r(G, H) such that F −→ (G, H).
REMARK
R23: An “arrowing” graph corresponding to the size Ramsey numbers appears below
the diagonal in Figure 8.3.6. These graphs are not, in general, unique. The subscript
is a reference to the paper with this result. In this case [1] refers to [Bu79], [2] refers to
[BEFRS78], [3] refers to [EFRS78a], [4] refers to [FaSh83b], [5] refers to [HaMi83], and
[6] refers to [FaRoSh84].

Figure 8.3.6: Size Ramsey numbers for small order graphs.

8.3.6

Ramsey Minimal Graphs

DEFINITIONS
D12: For a pair (G, H) of graphs, R0 (G, H) = {F : F −→ (G, H)}. The graphs F in
R0 (G, H) are the Ramsey graphs for the pair (G, H).
D13: A graph F is (G, H)-minimal if F ∈ R0 (G, H), but no proper subgraph of F
is in R0 .
D14: The Ramsey minimal graphs in R0 (G, H) will be denoted by R(G, H).
D15: The pair (G, H) is Ramsey-infinite if the number of nonisomorphic graphs in
R(G, H) is infinite. Otherwise, the pair (G, H) is Ramsey-finite.
D16: A graph is 2.5-connected if it is 2-connected and any cutset with two vertices is
independent.
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EXAMPLES
E6: For any graph G, clearly G −→ (G, K2 ), and if F −→ (G, K2 ), then F must have
G as a subgraph. Hence, R(G, K2 ) = {G}, and the pair (G, K2 ) is Ramsey-finite.
E7: Observe that any 2-edge-coloring of an odd cycle Cn will have consecutive edges
with the same color because of the parity of n. Thus, Cn −→ (P3 , P3 ) for n odd, and no
proper subgraph of Cn will “arrow” (P3 , P3 ). Thus, the pair (P3 , P3 ) is Ramsey-infinite,
and it is easy to show that R(P3 , P3 ) = {Cn : n odd} ∪ K1,3 .
FACTS
Nešetřil and Rödl [NeRö78] initiated the Ramsey-infinite and Ramsey-finite line of investigation. Their work on forests was extended in [BEFRS81] and [BEFRS82a], but
there is still no complete characterization of Ramsey-finite graphs for forests.
F34: (Nešetřil and Rödl [NeRö78]) The pair (G, G) is Ramsey-infinite if
(i)
χ(G) ≥ 3,
(ii)
G is 2.5-connected, or
(iii)
G is a forest containing a P4 .
F35: [BEFRS81], [BEFRS82a] Let G and H be forests.
(i) The pair (G, H) is Ramsey-infinite if either G or H has a component that is not a
star.
(ii) If G and H are star forests without isolated edges, then (G, H) is Ramsey-finite if
and only if each of G and H is a single star with an odd number of edges.
(iii) There are both Ramsey-finite and Ramsey-infinite pairs of star forests (G, H)
when G and H have isolated edges.
F36: [BEFS78] For m a positive integer and G an arbitrary graph, the pair (G, mK2 )
is Ramsey-finite.
F37: [Lu94] If G is a forest that is not a matching and H contains a cycle, then the
pair (G, H) is Ramsey-infinite.
REMARKS
R24: One consequence of Fact F37 is that a matching G = mK2 is the only graph
that can be paired with any graph H to yield a Ramsey-finite pair.
R25: Fact F37 also answers a question posed in [BEFRS80b] by showing that the pair
(P3 , H), and in fact the pair (K1,2n , H) for n ≥ 1, is Ramsey-infinite for any graph H
that is not a matching.
R26: A complete characterization of the pairs of forests that are Ramsey-finite is not
known, and much less is known about pairs of graphs in general.
CONJECTURE
C8: Ramsey-Finite Conjecture The pair (G, H) is Ramsey-finite if and only if
either
(i)
G or H is a matching, or
(ii) G and H are appropriate star forests.
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Generalizations and Variations

There are an endless number of generalizations to classical Ramsey numbers and
only a few of them have been considered in this short survey. We end with a brief
mention of some of the directions that have been explored.

Graphs
The induced Ramsey number leads to a stronger “arrowing” result, since the monochromatic graph must be induced. The existence of r∗ (G, H) was verified by Rödl in his
doctoral thesis [Ro73], and was also verified independently by other mathematicians.
Some general upper bounds on r∗ (G, H) for various graphs G and H can be found in
[KoPrRo98].
DEFINITIONS
D17: The induced Ramsey number r∗ (G, H) is the least positive integer n such
that there exists a graph F of order n such that any 2-edge-coloring (Red and Blue) of
F yields an induced copy of G in Red or an induced copy of H in Blue.
D18: For bipartite graphs G and H the bipartite Ramsey number rb (G, H) is the
smallest order of a bipartite graph F such that F −→ (G, H).
D19: The connected Ramsey number rc (G, H) is the order of the smallest graph
F such that F −→ (G, H) and the graph induced by each color is also connected.
D20: For a graph G, the Ramsey multiplicity R(G, G) is the minimum number
of monochromatic copies of G in any 2-edge-coloring of the Ramsey graph Kn where
n = r(G, G).
REMARKS
R27: The existence of the bipartite Ramsey number rb (G, H) was verified by Erdős
and Rado [ErRa56] and has been calculated for some basic graphs as paths, stars, and
some small complete bipartite graphs. This bipartite definition can be extended to any
chromatic number, not just chromatic number two.
R28: Sumner [Su78] showed that rc (G, H) = r(G, H) if neither G nor H has a bridge
and each has order at least four. However, rc (G, H) < r(G, H) for some graphs with
bridges, such as paths [Su78] and paths with other graphs [FaSc78].
R29: Harary and Prins [HaPr74] calculated R(G, G) for small order graphs and stars,
but very few Ramsey multiplicities are known.

Hypergraphs
The discussion of Ramsey theory to this point has been restricted to graphs, and nearly
exclusively to 2-colorings of graphs. However, the original Ramsey theorem applied to
k-uniform hypergraphs as well.
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DEFINITIONS
D21: A hypergraph consists of a set of vertices V and a set of edges, each of which
is a subset of V . A hypergraph is k-uniform if its edges all have cardinality k.
D22: For k-uniform hypergraphs (G1 , G2 , · · · , Gm ), the k-hypergraph Ramsey
number rk (G1 , G2 , · · · , Gm ) is the smallest integer n such that if the k-sets of a set of
order n are colored with m colors, there will be for some i an isomorphic copy of Gi in
color i.
FACT
F38: (McKay, Radzisowski [McRa91]) r3 (4, 4) = 13.
REMARKS
R30: The only classical hypergraph Ramsey number known is r3 (4, 4).
R31: Fact F38 says that if the triples of a set with 13 elements are 2-colored, then
there will be a set of order 4 with all of its subsets of order 3 having the same color,
and it is not true for all colorings of the triples on a set with 12 elements.
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